Recently, bunched crystalline ion beams have been realized in the table-top rf quadrupole storage ring PALLAS by means of laser cooling. Here, a novel method for the measurement of the spatial distribution of the ion bunch is presented which is based on the time-resolved analysis of the fluorescence emitted by the ions during cooling. Thus, the phase transition from a gaseous to a crystalline beam can be followed monitoring the whole phase space, and structural transitions can be studied as a function of the variable longitudinal confinement. Surprisingly, the length of crystalline bunches was found to be considerably shortened by a factor of three with respect to the length expected for space charge dominated bunches.
Introduction
Over the last year, the rf quadrupole storage ring PALLAS has served as a model system for the investigation of the dynamics of laser-cooled low-energy ion beams. In particular, the crystallization [1, 2, 3] of a coasting Mg þ ion beam into a string of ions could be realized experimentally at a beam energy of around 1 eV [4, 5] , and the focusing requirements for the attainment of crystalline beams of more complex structure have been mapped [6] . In such a crystalline beam, the constituent ions arrange themselves to a periodic long-range order due to their mutual Coulomb-repulsion, provided that their thermal energy is sufficiently reduced. These completely space-charge dominated beams were observed to decouple from external heat sources, allowing for ultimate brilliance and stability [7] .
Here, we focus on the dynamics of laser-cooled bunched ion beams, applying a cooling technique which was first demonstrated at the ASTRID storage ring [8] and further developed at the storage ring TSR [9, 10, 11] . The emulation of a synchrotron [13] , which specifically means bunching of the hitherto coasting beams in the storage ring PALLAS, allows additional control over the spatial longitudinal ion distribution. Especially the linear ion density and thus the structure of the crystalline beam can be manipulated. This was recently demonstrated indirectly by the observation of the transverse beam profile when the structure of the crystalline beam was changed from a string of ions into a zig-zag band with increasing longitudinal confinement [14] . The novel technique for measuring the longitudinal ion distribution, presented in this paper, allows the direct observation of the longitudinal compression of the beam and of the change of the shape of the bunch associated with the phase transition to the crystalline beam.
In the following two sections, the low-energy rf quadrupole storage ring PALLAS will be introduced. As details about its construction [15, 16, 17] , its operation as a linear ion trap [18, 4] , its relation to high-energy storage rings [16, 17, 19] , and especially about its usual mode of operation with coasting ion beams [4, 5, 6, 7] are published in the given references, we only describe those points relevant for the bunching of ion beams [14] .
Experimental setup
A sketch of the rf quadrupole storage ring is given in Fig. 1 . It can be considered as a ring-shaped quadrupole ion guide [20] . The bending radius of the ring amounts to C=2% ¼ 57:5 mm at an aperture radius of the quadrupole structure of r 0 ¼ 2:5 mm. For transverse confinement and bending of the ion beam, an rf voltage in the range of U rf ¼ 150 to 450 V is applied between the quadrupole electrodes at a fixed frequency of ¼ 2% Á 6:3MHz. The alternating quadrupole field results in a bound periodic motion of the particles at the secular frequency ! sec superimposed by a fast quiver motion (micro-motion) of the stored ions at the driving frequency [21] . The singleparticle secular frequency amounts to ! sec ¼ q= ffiffi ffi 8 p given in terms of the stability parameter q ¼ 2eU rf =m 2 r 2 0 of the underlying Mathieu differential equation [22] , where e and m stand for the charge and mass of the 24 Mg þ ion. This bound transverse motion is usually associated with a harmonic pseudo-potential ÉðrÞ ¼ qU rf =8 Á ðr=r 0 Þ 2 . The closed orbit of PALLAS is surrounded by 16 drift tubes for the manipulation of the longitudinal position of stationary ions, but also for the modulation of the velocity of an ion beam for diagnostic [4, 5] or bunching purposes [14] , as described later in the text. Their voltage penetration to the closed orbit amounts to 0.5% [15] .
To load the ring with ions, a collimated beam of 24 Mgatoms is ionized inside the trapping volume by a focused electron beam. Simultaneously, the ions are Dopplercooled on the closed 3s 2 S 1=2 À 3p 2 P 3=2 transition. Two frequency doubled dye lasers [12] provide the light at the required wavelength of 280 nm at an intensity just saturating the transition. The resonance fluorescence is recorded either with a fast photo-multiplier or imaged with an intensified CCD camera [4, 18] with a spatial resolution of ' res % 5 mm.
Acceleration and bunching
For the acceleration of a stationary cloud of laser-cooled 24 Mg þ ions, the frequency ! 1 of the co-propagating laser is continuously increased at a tuning rate of up to 5 GHz/s, as described for the case of a coasting beam in Refs. [4, 5] . The counter-propagating laser is kept at a fixed frequency ! 2 which determines the velocity of the circulating ion beam to v % 2600 m=s, typically. For the longitudinal modulation of the ion beam, an alternating voltage U 0 Á cosð2%# b tÞ is applied to one of the drift tubes. When tuned to a harmonic number h of the revolution frequency of the stored ions v/C, it exerts a position dependent alternating force in the co-moving frame of the ions [13] . Ions that circulate with the synchronous velocity v s ¼ C# b =h experience no longitudinal force, whereas ions which lag behind are accelerated and vice versa. They perform synchrotron oscillations in one of the corresponding longitudinal pseudo-potential wells, called buckets. Due to the effective length of the drift tubes of L ¼ 22 mm, the phase of the external voltage changes significantly during the passage of an ion. The energy transfer per passage, which determines the potential depth of the bucket, amounts to
with an effective amplitude of
The resulting bucket is usually characterized by its velocity acceptance
or by the single particle synchrotron frequency
For a bunching voltage of U b ¼ 25 mV and frequency # b % 40 kHz, the fluorescence rate emitted by the laser accelerated ion beam is shown in Fig. 2a as a function of the rising beam velocity (or the reduced laser detuning, respectively). The rate exhibits pronounced peaks at velocities corresponding to the synchronous velocity v s ¼ C# b =h for a series of decreasing harmonic numbers h. This behaviour is explained in Fig. 3 where the phase space trajectory of a single laser accelerated ion is presented. The bold line in the longitudinal phase space diagram, the separatrix, encloses the region of bound oscillatory motion in the bucket. The corresponding (ring averaged) restoring force, which is depicted in the upper frame of Fig. 3 , amounts to
First, for harmonic numbers h > 6, only the influence of the co-propagating accelerating laser beam has to be considered. As long as its detuning addresses ion velocities below the synchronous velocity v s , the synchrotron oscillation of the particle is damped: At the decelerating phase ðz > 0Þ, the force of the bucket is partially compensated by the accelerating laser force and the trajectory is turned inward, as first demonstrated at the ASTRID storage ring [8] . When the laser detuning approaches v s , the oscillation is fully damped [9] , the particle resides in the center of the bucket. Both forces equilibrate. Then, when the laser detuning is further reduced, the laser force (velocity dependent) increases. The ion is slowly shifted out of the bucket center. The position dependent restoring force of the bucket compensates this increase in the laser force and thus maintains the equilibrium of forces at the synchronous velocity. The fluorescence rate reaches one of the maxima observed in Fig. 2a . Passing the synchronous velocity, the laser force starts to drive the oscillatory motion, which leads to a sharp reduction in the fluorescence rate [8] . At last, the ion is driven out of the bucket. It is further accelerated by the laser (as for the case of the coasting beam) into the bucket corresponding to the next lower harmonic number, and the cycle restarts. The fact that this signature can be observed in repeated laser scans indicates that ions are considerably heated in the longitudinal degree of freedom (and thereby partially decelerated as the velocity spread increases) due to the mismatched bunching frequency.
Close to zero relative detuning (Fig. 2a) , the ion beam comes into resonance with the counter-propagating laser beam (dashed force profile in Fig. 3 ). As for the case of the coasting beam [4, 5] , ions are cooled by the combined force of both lasers. This force overrides the influence of the bucket while the bunching frequency # b , and thus the synchronous velocity # s , is not yet matched with the nominal beam velocity determined by the force of the two lasers.
With an increase in the bunching frequency # b , the labeled peaks are shifted to higher velocities as the frequency of the accelerating laser beam is repeatedly scanned (Fig. 2b) . The peak, corresponding to the lowest harmonic number h ¼ 6, starts to merge into the dominant peak below zero detuning. Simultaneously, the fluorescence remains at a considerable level which is nearly independent from the detuning of the co-propagating laser. In Fig. 2c this rate approaches a constant level as the series of small peaks at higher harmonics almost completely vanishes. The ions are cooled by the combined force of the counterpropagating laser and the restoring force of the bucket and remain inside the bucket. The co-propagating scanning laser beam becomes dispensable. This situation is equivalent to the one investigated in heavy ion storage rings like ASTRID [8] and TSR, where ions are pre-cooled into the bucket by means of electron cooling and then laser-cooled with a single fixed-frequency laser [9, 11] .
Longitudinal shape of the bunch
For cold ion beams in the space-charge dominated regime [23, 8, 24, 11] , the shape of the bunch is determined by the balance between the repulsive force of the space-charge, and the confining forces of the bucket (longitudinal confinement) and the storage ring (transverse confinement). The corresponding volume charge density equilibrates at a constant value inside the bunch.
Ellison et al. [23] derived an expression for the equilibrium linear density & l ðzÞ of an intense electroncooled proton beam inside the bunch. They treated the beam as a cylinder of charge of radius r beam inside a conducting (grounded) beam pipe of radius r pipe . This assumption and the integration of the electric forces on the particles from the outer edge of the beam to the beam pipe leads to a longitudinal space-charge force of
which is then equated with the bunching force (Eq. (5)). This approach neglects any interaction of particles on the scale larger than the pipe radius and smaller than the beam radius.
In the harmonic approximation of short bunches sinð2%hz=CÞ ! ð2%hz=CÞ ¼ ðhz=RÞ, which is valid for PALLAS within a relative error of less than 5%, the linear density was found to be of parabolic shape
where 2 L b stands for the total length of the bunch and
for the radius at the edge of the ion beam. For the radius of the beam pipe, the aperture radius of the quadrupole electrodes r pipe ¼ r 0 is used.
The integration of Eq. (7) over the longitudinal axis of the bunch z reveals the length l b (FWHM) of the spacecharge dominated bunch
The lower line of Eq. (8) refers to the parameters of PALLAS as discussed in this paper, N denotes the total number of particles in the beam. A novel method was exploited to measure the linear density of laser-cooled bunched beams in PALLAS as a function of the orbital position. Primarily due to the low velocity and charge state of the ions in the beam and the correspondingly low ion current, it is impossible to record any signal influenced on a capacitive pick-up device when the ion bunch passes by, the method commonly used in high-energy storage rings for this purpose [13, 8, 11, 23] . Nevertheless, the fluorescence light emitted by the lasercooled ions can be used instead. As indicated in Fig. 1 , the arrival time of each fluorescence photon is recorded with respect to the phase of the bunching voltage and then translated into the relative orbital position with respect to the bucket center. As an example, the fluorescence signal of a crystalline bunched beam containing N % 3000 ions is depicted in Fig. 4 . The linear density of this beam is compressed by about a factor of 11 with respect to the corresponding coasting beam. This dramatic longitudinal compression leads to an average dimensionless linear density of l av % 0:70 inside the bunch, where
is given in terms of the Wigner-Seitz radius
to account for the strength of the transverse confinement. The value of l uniquely determines the structure of coasting crystalline beams [25, 20, 4] . The above mentioned average value of l av ¼ N=hl b Á a ws % 0:70 < 0:71 therefore indicates the dominant formation of a linear string of ions, which is confirmed by the width of the vertical profile of the beam, depicted in the lower frame of Fig. 5 . For the investigation of the development of the longitudinal shape of the ion bunch in the vicinity of the phase transition, the cooling rate was gradually changed by slight variations of the bunching frequency. An increase of the bunching frequency tunes the synchronous velocity closer to the resonance of the counter-propagating laser beam and thus increases the cooling rate (compare Fig. 3 ). As depicted in the upper frame of Fig. 5 , the structure first changes from a Gaussian distribution with a width of Fig. 4 . The gradient of the laser force at the synchronous velocity increases when the bunching frequency # b rises or the velocity detuning Áv is reduced. With the correspondingly increasing cooling, the profile continuously changes from a broad Gaussian (lowest black line), to the inverse parabola, typical for space-charge dominated beams (middle black line; the curves are vertically displaced for a better visibility). After crystallization (upper black line) the profile widens, presumably due to the increasing longitudinal space-charge repulsion. Lower frame: The vertical beam profiles corresponding to the three situations mentioned above (black lines) are depicted and the width ' c of the beams is given. The upper curve indicates the formation of a string of ions as described later in Section 5.
' z ! 4 mm, from which a longitudinal temperature of
5 K can be deduced (k denoting the Boltzmann constant), to the inverse parabolic shape of a space-charge dominated bunch. In this case, the shape of the bunch is not determined by its temperature anymore. This distinct change in the longitudinal profile is only accompanied by a small change in the transverse beam profile, as depicted in the lower frame of Fig. 5 . It corresponds to a reduction of the transverse temperature, as deduced from the width ' of the beams, of
The transverse narrowness of the cold but non-crystalline bunched beams is surprising, when compared to the case of non-crystalline coasting beams, where the motion in the transverse and the longitudinal degrees of freedom was found to be strongly decoupled. As a consequence, the directly laser-cooled longitudinal velocity spread was considerably smaller than the transverse (T k % 50 mK compared to T ? % 30 K). It seems that non-linear effects in the bunching of the beam increase this coupling and thus lead to the formation of non-crystalline beams with similar velocity spread in all degrees of freedom. This assumption is confirmed for the case of the Gaussian shaped bunched beam, which shows about equal longitudinal and transverse temperatures. Furthermore, the attainment of lower longitudinal temperatures, expected from longitudinal laser cooling, is complicated by the inevitable longitudinal heating of the non-crystalline beam associated with the process of longitudinal bunching.
The latter temperatures correspond to a value of the plasma parameter, which is basically the ratio of the mutual Coulomb-energy of ions to their thermal energy kT, of
of the order of unity. The value of À p % 1 is consistent with the observed shape characteristic of a space-charge dominated bunch, and should justify its description as a cold fluid [26, 27] , as long as no correlation effects between the ions modulate the constant volume charge density characteristic of the cold fluid. The length l b (FWHM) of the space-charge dominated bunches of those beams which do not show the signature of long-range Coulomb-order (the formation of the string) should in principle follow from the formula derived by Ellison et al., (Eq. (8)). Yet, the experimental findings (l (8) had to be down-scaled by a factor of 0.23. Note, that due to the theoretical cube root dependence of l b on the particle number and the bunching voltage and the even weaker dependence on the beam radius, this discrepancy cannot be explained by the experimental uncertainties in those quantities, which normally are known to within 10% [6] .
This experimental observation can be qualitatively followed proposing the onset of longitudinal Coulomborder in the one-dimensional liquid-like system. This onset of a longitudinal modulation of the ion density leads to a suppression of short inter-ion distances and the corresponding large Coulomb-forces. The overall longitudinal Coulomb-repulsion is therefore reduced. As those beams still extend into the transverse plane (see the profiles in Fig.  5 ), the distribution of each ion has to be described by a flat disc [9] . This fact further reduces the mean inter-ion distance and allows for even shorter bunches than for the case of the fully crystallized ensemble, discussed in the following.
For the case of the most simple crystalline beam, the string of ions, the length l b was observed to increase by about a factor of 1.5 compared to the liquid-like case (and thus to be a factor of about 3 smaller than calculated using Eq. (8)), as depicted in the uppermost curves of Fig. 5 and the star in Fig. 6 . The full linear order of the ions in the bunch into a one-dimensional string implies shorter interion distances and thus a larger longitudinal Coulombrepulsion. As a consequence, the length of the bunch in the given harmonic potential increases.
Quantitatively, the equilibrium positions of ions in a string were calculated numerically for up to 10 ions in a linear ion trap with harmonic longitudinal confinement [28] . A comparison of the length of the crystal with the result of l b ðN=h ¼ 10Þ from Eq. (8) shows that for the experimental parameters ð! syn ¼ 2% Á 890 HzÞ the length of the crystalline structure amounts to 0:52 Á l b which is closer to the experimental result. Yet, with increasing ion number this effect is considerably reduced [26] and cannot be used to explain the experiment.
Structural transition of crystalline beams
As an example for a structural transition of a bunched crystalline beam, the transition from a string of ions into the zig-zag band [14] , which occurs when the strength of the longitudinal confinement is increased, will be discussed in the following. The sample beam, presented in Fig. 7 , contained N ¼ 10; 000 particles and was bunched at the 6th harmonic of the revolution frequency ðv ¼ 2525m=sÞ with an effective bunching voltage of U b ¼ 18mV. Subjected to longitudinal laser cooling and sufficiently strong transverse confinement to provide the coupling between the transverse and the longitudinal motion, the beam crystallized into a linear string of ions. As for the beam presented in Fig. 5 , its width ' c coincides with that of a stationary string of ions at rest (Fig. 1a of Ref. [4] ), which is close to the spatial resolution of the imaging system. An upper limit of the transverse temperature T ? < 0:8 K can be estimated from ' c which corresponds to a lower limit in the plasma parameter (Eq. (11)) of À p > 3. This value consistently points towards strong coupling, since, for ion beams, a collapse of the beam heating due to intra-beam scattering is expected for À p > 0:5 [29, 30] .
For the given beam parameters, the formation of the bunched ion string can only be achieved for U b < 20 mV. For a single passage of the string through the drift tube, the energy transfer is low enough to barely affect longitudinal order. The passage of an ion through the drift tube used for bunching only results in a longitudinal displacement of less than 10% of the inter-particle distance in the crystalline beam. For the repeated passage in phase, the ion beam is efficiently bunched, as described above. Following Eq. (8) and empirically including the the influence of the Coulomb order (which has only been demonstrated for comparatively low ion numbers) leads to a compression of the bunch of l b % 0:2 À 0:5 Á C=h, which, at the time of this measurement [14] , could not be recorded. The linear density of crystalline ion beams can thus be considerably modified in PALLAS also for more intense ion beams without much additional heating of the beam. The corresponding value of the average dimensionless linear ion density l av % 0:9 À 0:3 is consistent with the interpretation of the profile to correspond to a one-dimensional structure, yet, for the shortest possible bunch length parts of the crystal could already be in the zigzag configuration.
A modest increase of the bunching voltage above U b % 20 mV changes the structure of the crystalline ion bunch. As deduced from the vertical beam profiles presented in Fig. 7 , the crystalline phase is maintained, and starting from the center of the bunch, its dominant part evolves into a two-dimensional zig-zag band. The broader profile can be described by a composition of two strings of half the intensity of Fig. 7a , separated by a vertical distance of 8 mm.
Regarding the width of this beam ð' c ¼ 13:2 mmÞ and the tight confinement ðq ¼ 0:34Þ in the light of the systematic investigation of coasting crystalline beams [6] , the final ion bunch (Fig. 7b at U b % 33 mV) could already comprise significant parts of a helical structure.
For the specific scenario of the transition of a linear string into a zig-zag band, MD simulations were performed by Schiffer [31] for up to 500 ions in the bunch. For the 1D-2D transition point, they revealed an empirical scaling law for the ratio of the strength of the longitudinal and the transverse confinement of the form crit ¼ ð! z =! sec Þ 2 % c ÁÑ N , withÑ N ¼ N=h; c ¼ 2:53, and ¼ À1:73. Within this range of ions these results were confirmed by the cold fluid model [26] and recently verified experimentally in the regime of up to (only) ten ions in a linear Paul trap [32] . Yet, for larger ion number the scalings of the models considerably differ. In principle, these models should also be applicable for bunched beams. The single particle synchrotron frequency ! syn (Eq. (4)) will be used to characterize the longitudinal confinement in the bucket ð! z ¼ ! syn Þ. In Table I , the aforementioned findings are compared with the observations for the bunched crystalline beam, described above.
The ratio crit , extracted from this first storage ring experiment, where the aspect ratio of the crystalline bunches is of the order of 1000 and the absolute ion number in the bunch of the order of few 1000, considerably differs from the model predictions by about a factor of 4, similar as for the case of the bunch length.
No systematic investigations of the 1D-2D transition in bunched beams has been carried out so far. With the method of a time resolved detection of the fluorescence signal, demonstrated in the previous section, this structural transition will be studied in more detail, and also as a function of the particle number N, in the near future. Table I : Comparison of theoretical and experimental work on crit for the 1D-2D structural transition of stored ion crystals. The first three values of crit are calculated forÑ N ¼10,000/6 ions using c and from the given sources, the fourth is based on the cold fluid model, the last value corresponds to the measurement presented in Fig. 7 . For the bunched beam, shown in Fig.  7 , a secular frequency of ! sec ¼ 2pÁ 760 kHz (q = 0.34) and a synchrotron frequency of ! syn ¼ 2p Á 850 Hz ðU b ¼ 25 mV) was used to determine crit . Fig. 7 . Vertical beam profiles of a bunched ion beam (10 4 ions) after the phase transition [14] . To induce the transition to the one-dimensional crystalline beam, the linear string (a), the radial focusing strength was increased to q ¼ 0:34 at a comparatively low bucket depth. For tighter longitudinal confinement (b), the string develops into at least a twodimensional structure, the vertical zig-zag band.
Conclusion and outlook
For the measurement of the longitudinal shape of lasercooled ion bunches, a novel method was applied, based on the time-resolved observation of the fluorescence signal with respect to the bucket. In this first demonstration of the method, the length of space-charge dominated bunches subject to longitudinal laser cooling was observed to be a factor of about three to four smaller than anticipated from the usual theoretical models. Part of this significant (and favourable) additional longitudinal compression of the bunch can be qualitatively understood when the onset of longitudinal Coulomb-order and thus a modulation of the charge density is considered. The ions in the bunch are assumed to arrange themselves into a disk-like pattern which suppresses close longitudinal interion separations and thus the overall longitudinal Coulomb repulsion. The crystallization of this bunched beam into a fully long-range ordered string of ions was observed to increase the length of the bunch compared to the disk-like ensemble. Despite this increase in the overall longitudinal space charge repulsion due to the decrease in dimensionality, the crystalline bunch still comes out to be shorter by a factor of three compared to the prediction of the cold fluid model. This strong discrepancy is related to the misprediction of the branching of the string into the zigzag pattern as a function of the ratio of the transverse to the longitudinal confinement strength. Systematic measurements are foreseen as well as dedicated MD simulations to elucidate this obvious problem.
Furthermore, the success of this method together with the relative simplicity of the required components encourages the envisaged investigation of the photon correlation signal, which means the analysis of the Schottky-noise of the ion beam by means of the detection of the fluorescence photons. As a dramatic change in the frequency spectrum of the Schottky-noise signal is expected in conjunction with the phase transition [33] , the method should be suited to unambiguously determine the state of a beam independent from its linear density [6] . In a first approach, bunching the beam would considerably reduce stability requirements for the laser system, as the ion velocity is primarily equivalent to the synchronous velocity, which can be easily maintained at a precise and constant value.
A further promising application of bunching the ion beam could be the laser-independent acceleration of the (crystalline) beam by means of an active increase of the bunching frequency. This robust method, commonly used in high-energy synchrotrons, has recently been principally demonstrated in PALLAS with an acceleration of the crystalline beam by Áv=v ¼ 10%.
